Abstract. Let A be a direct limit of a direct system of Cohen-Macaulay rings. In this paper, we describe the Cohen-Macaulay property of A. Our results indicate that A is not necessarily Cohen-Macaulay. We show A is Cohen-Macaulay under various assumptions.
Introduction
Let H ⊆ Z n be a normal and affine semigroup and let k be a field. A well-known result of Hochster says that k[H] is Cohen-Macaulay, see [16, Theorem 1] . Suppose now that H is a non-affine normal semigroup. Then k[H] is not Noetherian. Recently, the notion of Cohen-Macaulayness has been generalized to the non-Noetherian situation, see [15] and [2] . We intend to investigate the Cohen-Macaulayness of k[H] in this context. In view of Example 2.3, k[H] is a direct limit of Noetherian Cohen-Macaulay rings when H ⊆ Z n is normal. This motivates us to ask: Question 1.1. Is Cohen-Macaulayness closed under taking direct limit?
Our aim in this paper is to study the above question and its connection with CohenMacaulay properties of normal semigroup rings. Noetherian rings which are flat direct limit of a family of rings with certain properties was studied by Marot [17] and Doretti [11] . Also, the regular and complete intersection analogues of Question 1.1 follows by an immediate application of the theory of Andre-Quillen cohomology when the direct limit is Noetherian, see Remark 3.12.
There are many candidates for definition of non-Noetherian Cohen-Macaulay rings, see view of [8, Proposition 2.22] , C ′ X is a finitely generated monoid. Clearly, C ′ X ⊆ C ′ Y when X ⊆ Y and X, Y ∈ Γ. Let f XY : C ′ X −→ C ′ Y be the inclusion map. In order to show C = lim − →X∈Γ C ′ X we prove that C ′ X ⊆ C for all X ∈ Γ. To this end, take X ∈ Γ and x ∈ C ′ X . Then x = α − β for α, β ∈ C X and there is a positive integer m such that m(α − β) ∈ C X ⊆ C. It derives from the normality of C that x = α − β ∈ C, i.e., C ′ X ⊆ C. This finishes the proof.
Example 2.3. Let C be a normal submonoid of Z n . Then k[C] is a direct limit of its Noetherian Cohen-Macaulay subrings.
Proof. In view of Lemma 2.2, there is a direct system (C γ , f γδ ) of finitely generated normal
Cohen-Macaulay ring. Thus, k[C] represented by the direct limit of Noetherian Cohen-
Corollary 2.4. Let k be a field. Then k +xk[x, y] is a direct limit of a chain of Noetherian Cohen-Macaulay rings.
and so H is normal. Example 2.3 yields the claim.
Let A be a ring, B an A-algebra; and I an ideal of B. B is called I-smooth over A if for
given an A-algebra C, an ideal N of C satisfying N 2 = 0, and an A-algebra homomorphism u : B → C/N such that u(I v ) = 0 for some v, then there exists a lifting g : B → C of u to C:
If I = (0) then B is called smooth over A. Let S be a multiplicative closed subset of A.
Then, S −1 A is I-smooth over A for each ideal I of S −1 A.
We cite the following key result of Zariski.
Lemma 2.5. Let V be a valuation domain containing a field k of zero characteristic. Then V = lim − →i∈I A i , where A i is essentially of finite type smooth k-algebra.
Proof. This is in [25] , when the fraction field of V is an algebraic function field over k. (ii): Let k be a field and look at A : 
Cohen-Macaulayness in the sense of ideals
The key result of this Section is Proposition 3.5. We present several applications of it, see Corollaries 3.7, 3.8 and 3.11. In what follows we need the notion ofČech cohomology. Let R be a ring and x = x 1 , . . . , x ℓ be a sequence of elements of R. For an R-module M , we denote the i-thČech Lemma 3.3. Let {M γ : γ ∈ Γ} be a direct system of modules over a ring A and a a finitely generated ideal of A. Then
Proof. Let x := x 1 , . . . , x r be a generating set of a. TheČech grade of a on M is defined 
Indeed, let S be the prime subring of A. Set R := S[x 1 , . . . , x n ] which is Noetherian. This is well-known that 
as claimed.
We will use the following result several times in this paper.
Lemma 3.4. Let a be an ideal of a ring A and M an A-module. The following holds.
(ii) Let f : A → B be a flat ring homomorphism. Then
(iii) Let f : A → B be a ring homomorphism. Let a be an ideal of A and M a B-module.
Proof. See e.g. [2, Section 2] and [2, Lemma 3.2].
Proposition 3.5. Let {A γ : γ ∈ Γ} be a direct system of Noetherian Cohen-Macaulay rings and p a prime ideal of
Assume that one of the following holds:
Proof. First recall that, since the rings in the direct system are Noetherian, the classical grade coincides with polynomial grade.
Let n ≤ ht A (p). Look at the following chain of prime ideals of A
By choosing γ ′ ∈ Γ sufficiently large, we can assume that x i ∈ A δ for all i and δ ≥ γ ′ . We use this to deduce that n ≤ ht
Now we prove the Proposition.
(ii) Take λ ∈ Γ ′ be such that
Observe that
Thus, in both cases, p. grade A (p, A) ≥ ht A (p). The reverse inequality is always true by Lemma 3.4(i).
We give a direct system of Noetherian regular rings such that its direct limit is not
Cohen-Macaulay in the sense of ideals. 
Cohen-Macaulay ring.
Proof. By the main result of [20] , lim − →γ∈Γ A γ is Noetherian. We use Proposition 3.5(i) to
We say a direct system {A γ : γ ∈ Γ} is a flat (pure) direct system, if A γ −→ A δ is flat (pure) for all γ, δ ∈ Γ with γ ≤ δ.
Corollary 3.8. Let {A γ : γ ∈ Γ} be a flat direct system of Noetherian Cohen-Macaulay rings. The following assertions hold.
(i) lim − →γ∈Γ A γ is Cohen-Macaulay in the sense of ideals.
(ii) lim − →γ∈Γ A γ is weak Bourbaki unmixed. Cohen-Macaulayness in the sense of ideals implies weak bourbaki unmixedness when the ring is coherent. Thus, part (i) yields the claim.
Proof. (i) Let
Lemma 3.9. The following holds.
(i) Let {(R γ , f γδ )|γ, δ ∈ Γ} and {(S γ , g γδ )|γ, δ ∈ Γ} be two direct systems of rings and {ϕ γ : R γ → S γ |γ ∈ Γ} a morphism between them. Assume for each γ ∈ Γ, ϕ γ is pure (resp. flat, satisfying lying over property). Set ϕ := lim − →γ∈Γ ϕ γ . Then
S γ is pure (resp. flat, satisfying lying over property).
(ii) Let {R γ : γ ∈ Γ} be a pure (flat, satisfying lying over property) direct system of rings. Then R γ → lim − →γ∈Γ R γ is pure (flat, satisfying lying over property) for all
Proof. (i): First, we prove the purity. Set R := lim − →γ∈Γ R γ and S := lim − →γ∈Γ
{M ⊗ Rγ R γ |γ ∈ Γ} and {M ⊗ Rγ S γ |γ ∈ Γ} are direct systems of Abelian groups and π := {π γ |γ ∈ Γ} is a morphism of these systems. This means that π : lim
The proof in the flat case is similar. For lying over see [10] .
(ii): Follows by part (i).
Lemma 3.10. Let {(A γ , m γ ) : γ ∈ Γ} be a pure direct system of Noetherian local rings with constituent local homomorphism of rings
If the ring A := lim − →γ∈Γ A γ is Noetherian, then there exists λ ∈ Γ such that
Proof. (ii): In the light of purity,
for all λ ≤ γ ≤ δ. Note that IB ∩ A = I for any ideal I of a ring A and any pure extension B of A. 
Macaulay. Now we show that every parameter ideal of A is irreducible and consequently
A is Gorenstein.
Let x be a system of parameters of A such that xA = I ∩ J where I and J are ideals of A. We choose δ ≥ λ, such that A δ contains x and generators of I and J. By Lemma 3.9(ii) the ring homomorphism A δ → A is pure. In view of purity (x)A δ = (x)A ∩ A δ .
Hence (x)A δ = (I ∩ A δ ) ∩ (J ∩ A δ ). Since generators of I (resp. J) belong to I ∩ A δ (resp. J ∩ A δ ), we have (I ∩ A δ )A = I (resp.(J ∩ A δ )A = J). Thus it is enough to show that (x)A δ is irreducible. In order to prove it, we claim that (x)A δ is a parameter ideal in A δ .
Indeed, clearly,
Also dim(A δ ) = dim(A). These say that x is a system of parameters of A δ . 
It remains to apply [4, 4.6 Corollary].
Corollary 3.13. Let {(A γ , m γ ) : γ ∈ Γ} be a pure direct system of Noetherian regular local rings with constituent local homomorphism of rings A γ → A δ for all (γ, δ) ∈ Γ × Γ with γ ≤ δ. If A := lim − →γ∈Γ A γ is Noetherian, then there exists λ ∈ Γ such that the direct system {A γ : λ ≤ γ, γ ∈ Γ} is flat.
Proof. By Lemma 3.10, there exists λ ∈ Γ such that dim
By applying [19, Theorem 23 .1], we observe that A γ → A δ is flat.
Cohen-Macaulayness in the sense of Hamilton-Marley
In this Section we study the behavior of Cohen-Macaulayness in the sense of HamiltonMarley under taking direct limits. Let us recall some notions. Let R be a ring, M an R-module and x = x 1 , . . . , x ℓ be a system of elements of R. By K • (x) we mean the Koszul complex of R with respect to x. For m ≥ n there exists a chain map
which is induced by multiplication of ( x i ) m−n . Recall from [22, Definition 2.3 ] that x is weakly proregular, if for each n > 0 there exists an m ≥ n such that the maps
are zero for all i ≥ 1. Proof. Let x := x 1 , . . . , x n be a parameter sequence on A. There exists γ ∈ Γ such that x ∈ A δ for all δ ≥ γ. Let (γ, δ) ∈ Γ × Γ with λ ≤ γ ≤ δ and p ∈ Var(xA δ ). In view of Lemma 3.9(ii), we know that the lying over property holds for A δ → A. There is a prime ideal q ∈ Spec(A) such that q ∩ A δ = p. Then,
Recall that any finite sequence of elements in a Noetherian ring is weak proregular, i.e., x is a parameter sequence over A δ .
Let y := y 1 , . . . , y m be a strong parameter sequence on A. Now, one can easily find γ ∈ Γ such that y is a strong parameter sequence on A δ for all δ ≥ γ. Recall that a Noetherian Cohen-Macaulay ring is Cohen-Macaulay in the sense of Hamilton-Marley.
Thus, by Cohen-Macaulayness of A δ , y is a regular sequence on A δ for all δ ≥ γ. An easy direct limit argument implies that y is a regular sequence on A.
(ii) M is called locally finitely generated, if M ∩ Z s is finitely generated for all s ∈ N.
(iii) Recall that M is said to be normal if, whenever n(m − m ′ ) ∈ C for some positive integer n and m, m ′ ∈ M , then m − m ′ ∈ M . Proof. Set C n := C ∩ Z n for every n ∈ N. Then C n is a normal monoid of Z n and 
It remains to recall that
and C is normal and locally finitely generated. We leave the details to the reader.
Our next aim is to construct an example to show that the assumptions of Proposition Proof. Let p ∈ Spec(A) be such that xA ⊆ p. Then (xy n ) 2 ∈ p and so xy n ∈ p for all n ∈ N 0 . This implies that xk[x, y] ⊆ p. It is not difficult to observe that xk[x, y] is a maximal ideal of A. Therefore xk[x, y] = p, as claimed.
Then the following holds: (i) H n is a normal submonoid of Z 2 .
(ii) H n is finitely generated, and so k[H n ] is Noetherian and Cohen-Macaulay.
(iv) Let π n : A n /xyA n → A n+1 /xyA n+1 be the natural homomorphism of rings for all n ∈ N 0 . Then {A n /xyA n , π n } n∈N 0 is a direct system of Noetherian Cohen- 
and so (a, b) − (c, d) ∈ H n . This completes the proof.
(ii): For each n, let C n ⊆ H n be the submonoid generated by {(1, 0), (1, 1) , . . . , (1, n)}.
We prove C n = H n by induction on n. When n = 0 there are nothing to prove. Now suppose, inductively, that n > 0 and the result has been proved for n−1. Then H n−1 ⊆ C n .
Take (a, b) ∈ H n \ H n−1 . This means that n − 1 < b/a ≤ n. It implies that b = an − i where 0 ≤ i ≤ a − 1. In the light of
Cohen-Macaulay ring. The proof of (xyA :
Our next result is Theorem 4.10. To prove it we need a couple of lemmas. This, truly, claims that
Now we use this fact to reduce the issue in the case (f, 
Concluding remarks and questions
Inspired by Theorem 4.10 we ask the following: Acknowledgement . We thank the anonymous referee for his/her detailed review.
